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The boundary integral equation (BIE) describes the dynamics of a curved crystal-
lization front separating liquid melt and solid material. We derive a generalized
BIE for the thermal-concentration problem taking into account the nonlinear
dependence of the crystallization temperature on solute concentration and the
kinetics of atomic attachment at the interface. This equation determines the evo-
lution of the interface function and the equation for crystallization driving force
- the melt undercooling at the crystal surface. Our calculations carried out for a
dendritic vertex in the form of a paraboloid of revolution have shown that the
growth rate of the dendritic tip and its diameter substantially depend on the non-
linear effects under study. In particular, the velocity and diameter of the dendrite
tip respectively become greater and narrower with increasing deviation of the
liquidus equation from the linear relationship. Also, the dendrite tip velocity can
be significantly affected by variations in the exponent of atomic kinetics.

KEYWORDS

boundary integral equation, curved solid-liquid interfaces, phase transitions, undercooled melts

MSC CLASSIFICATION

80A19, 80A22

1 INTRODUCTION
The evolution of the curvilinear liquid-solid interface in the crystallization processes of undercooled melts and super-
saturated solutions is responsible for the properties of solidifying materials [1–9]. Thus, for example, the crystallization
front displaces a part of the dissolved impurity into the liquid phase and another part of the impurity is absorbed into
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the solid material during this process. Thus, the melt immediately upstream of the front is enriched with impurity. As
the impurity concentration increases, however, the crystallization temperature of the liquid decreases and a significantly
lower temperature may be required to solidify certain liquid regions ahead of the front. If we pay our attention to the
well-known example of seawater freezing, ice almost completely displaces all the salt into the water and greatly increases
its salinity. Consequently, regions of unfrozen, extremely saline seawater remain in frozen ice even in wintertime, as such
regions require very low temperatures to freeze. Moreover, the interface dynamics are also responsible for the morpho-
logical instability [10–14], the formation of a two-phase concentration undercooling region [15–19], the structure in the
solid phase material (layered impurity liquation, impurity cells, grain and dendritic microstructure) [2, 20–23].

In 1974, Nash and Glicksman [24, 25] proposed a method to determine the boundary integral equation (BIE) for the
interface function defining the curvilinear crystallization front for the thermal problem. This Green's function based
method was then extended by Langer, Turski, Alexandrov, Galenko and Titova to describe the interface motion in
solid-liquid, solid-solid and liquid-liquid systems [26–29]. A generalization of the BIE to crystallization of undercooled
binary melts with convection has been made by Saville, Beaghton, Titova, and Alexandrov [30–32]. Recently, the BIE
has been derived for a rapid solidification process where the concentration field in the liquid is described by a diffu-
sion equation of hyperbolic type, which takes the jump time of atoms to neighboring vacant positions into account [33].
Note that the BIE approach can be used to derive a criterion for stable dendritic growth [34, 35], as well as for numerical
simulation of the shapes of growing patterns that arise in crystallization processes from undercooled melts [29].

In this paper, we extend the BIE theory to the case of nonlinear dependence of the phase transformation temperature
on dissolved impurity concentration and the kinetics of atoms attachment to the interfacial boundary. As shown below,
both these effects essentially modify the equation for the interface function in the case of crystallization with arbitrary
curvilinear fronts as well as the basic controlling dependences “dendrite tip velocity - melt undercooling” and “dendrite
tip diameter - melt undercooling” in the case of dendrite crystal growth.

2 MODEL AND INTERFACE FUNCTION

In this section, we represent the initial moving-boundary heat and mass transfer problem with allowance for a nonlinear
liquidus equation due to the quadratic dependence of phase transition temperature on impurity concentration and power
law of atomic kinetics. Using this model, we derive the BIE for the interface function and an equation for the process driv-
ing force - melt undercooling. Analyzing this undercooling for the 3D dendritic crystal, we show the effects of nonlinear
terms of the liquidus equation.

2.1 An arbitrary shape reference frame
We consider the three-dimensional crystallization process with a curvilinear solid-liquid phase interface (front) illustrated
in Figure 1. The heat transfer equation for the liquid-solid (bulk) phases and the solute diffusion equation in the liquid
phase can be written as

𝜕T′

𝜕t′
+ (u · ∇)T′ − V 𝜕T′

𝜕z′
= DT∇2T′, (1)

𝜕C′

𝜕t′
+ (u · ∇)C′ − V 𝜕C′

𝜕z′
= DC∇2C′, (2)

where T′ is the temperature, C′ is the solute concentration, u is the arbitrary fluid velocity, DT is the thermal conductivity,
DC is the diffusion coefficient, and V is the constant velocity of Cartesian coordinate system (x′, 𝑦′, z′) (steady-state growth
rate).

The temperature, solute concentration, and fluid velocity are fixed far from the phase transition interface, T′ =
T′
∞, C′ = C′

∞, u = U∞, and the boundary conditions at the solid/liquid interface take the form

T′
i = T′

0 − dc′ Q
cp

+ m1C′
i + m2C′

i
2 − 𝛽k

(
V + 𝜕𝜁 ′

𝜕t′

)n

, u = 0,

DT

(
∇T′

solid − ∇T′
liquid

)
· ds′ = Q

cp

(
V + 𝜕𝜁 ′

𝜕t′

)
d 2x′,

− DC∇C′ · ds′ = (1 − k0)C′
i

(
V + 𝜕𝜁 ′

𝜕t′

)
d2x′,

(3)
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TITOVA ET AL. 3

FIGURE 1 The phase-transition interface dividing pure solid (lower part) and pure liquid (upper part) phases. [Colour figure can be
viewed at wileyonlinelibrary.com]

where dc is the anisotropy capillary length, ′ is the average interface curvature, Q is the latent heat of crystallization, m1
is the linear term of liquidus slope and m2 is the coefficient of deviation of the liquidus equation from a linear form [36],
cp is the heat capacity, 𝛽k is the kinetic coefficient, n is the kinetic power, T′

0 is the phase transition temperature for the
flat front, ds′ is the surface area vector element directed toward the liquid phase, k0 is the solute partition coefficient, 𝜁 ′
is the interface function, T′

i and C′
i are the interfacial temperature and impurity concentration, respectively. The average

curvature of the interface ′ in three-dimensional case can be determined as

′(x′, t′) = −∇ ·

[
∇𝜁 ′(x′, t′)√

1 + (∇𝜁 ′(x′, t′))2

]
. (4)

Below we derive an integro-differential equation for the dimensionless interface function 𝜁 (x, t) in the case of
thermo-diffusion problem with convection (1)–(4). For convenience, let us introduce the characteristic length 2DT∕V and
time 4DT∕V 2 scales as well as dimensionless temperatures T = T′cp∕Q, solute concentration C = m1cpC′∕Q, kinetic
coefficient 𝛽 = 𝛽kcpV n∕(2nQ), and fluid velocity v = u∕U∞. Note that prime symbol is used for dimensional parameters.

Thus, the dimensionless model of convective heat and mass transfer follows from (1), (3) and has the form

𝜕T
𝜕t

+ 2 U∞

V
(v · ∇)T − 2𝜕T

𝜕z
− ∇2T = 0, (5)

𝜕C
𝜕t

+ 2 U∞

V
(v · ∇)C − 2𝜕C

𝜕z
− DC

DT
∇2C = 0, (6)

Ti = T0 −
dcKV
2DT

+ Ci +
Qm2

m2
1cp

C2
i − 𝛽

(
2 + 𝜕𝜁

𝜕t

)n

at𝜁, (7)

(∇Ts − ∇Tl) · ds =
(

2 + 𝜕𝜁

𝜕t

)
d 2x at𝜁, (8)

−DC

DT
∇Cl · ds = (1 − k0)Ci

(
2 + 𝜕𝜁

𝜕t

)
d 2x at𝜁, (9)

T = T∞, C = C∞, v = 1 at infinity, (10)

where 𝜁 denotes the liquid-solid interface, and subscript i corresponds to the interface.
We use the Green's functions GT(p|p1) for heat conduction equation and GC(p|p1) for diffusion equation without flow

to solve the convective problem (5)–(10)

𝜕GT

𝜕t1
+ ∇2

1GT − 2𝜕GT

𝜕z1
= −𝛿(p − p1),

𝜕GC

𝜕t1
+ DC

DT
∇2

1GC − 2𝜕GC

𝜕z1
= −𝛿(p − p1), (11)
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4 TITOVA ET AL.

where p = (x, z, t), p1 = (x1, z1, t1), x = (x, 𝑦), and x1 = (x1, 𝑦1). The Green's functions for heat GT(p|p1) and mass GC(p|p1)
transfer problems can be obtained using the Fourier transforms (see, among others, previous works [26–28, 37]) and
read as

GT(p|p1) =
(

1
4𝜋(t − t1)

)3∕2

exp
(
− |x − x1|2 + [z − z1 + 2(t − t1)]2

4(t − t1)

)
, (12)

GC(p|p1) =
(

DT

4𝜋(t − t1)DC

)3∕2

exp
(
−DT

|x − x1|2 + (z − z1 + 2(t − t1))2

4(t − t1)DC

)
. (13)

By multiplying Equations (5) and (6) at the point p1 by GT(p|p1) and GC(p,p1), Equation (11) by T(p1) and C(p1),
respectively, subtracting one from the other and integrating the result over p1, we obtain

T(p) =

t+𝜀

∫
−∞

∫
Λ1

dt1dx1d𝑦1dz1

(
2𝜕(GTT)

𝜕z1
− 2GT

U∞

V
(v · ∇1)T − 𝜕(GTT)

𝜕t1

)

+

t+𝜀

∫
−∞

∫
Λ1

dt1dx1d𝑦1dz1
(

GT∇2
1T − T∇2

1GT
)
,

(14)

C(p) =

t+𝜀

∫
−∞

∫
Λ1

dt1dx1d𝑦1dz1

(
2𝜕(GCC)

𝜕z1
− 2GC

U∞

V
(v · ∇1)C −𝜕(GCC)

𝜕t1

)

+ DC

DT

t+𝜀

∫
−∞

∫
Λ1

dt1dx1d𝑦1dz1
(

GC∇2
1C − C∇2

1GC
)
,

(15)

where Λ1 is the volume containing the point (x, 𝑦, z), and 𝜀 represents small positive parameter.
The integral of the time derivative in Equations (14) and (15) turns to zero after integration over time t1. In this case,

the Green function tends to zero and the temperature and concentration are bounded at the lower limit of integration.
Moreover, the Green's function is equal to zero at the upper limit because of the causality condition [26, 28]. In addition,
the integral of the z1-derivative over z1 in expressions (14) and (15) gives constant temperature T∞ and concentration
C∞. Next, applying Green's theorem, substituting the heat and mass boundary conditions (7)–(10) into (16) and (17) and
extending the point p to the phase transition surface and taking 𝜀 → 0, we arrive at

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

dt1dx1d𝑦1

(
GT(p𝜁 |p𝜁

1)
(

2 + 𝜕𝜁

𝜕t

))
− 2 U∞

V

t

∫
−∞

∫
Λ1

(GT(v · ∇1)T) dt1dx1d𝑦1dz1 = Ti − T∞, (16)

(1 − k0)

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

dt1dx1d𝑦1

(
CiGC(p𝜁 |p𝜁

1)
(

2 + 𝜕𝜁

𝜕t

))
− 2 U∞

V

t

∫
−∞

∫
Λ1

(GC(v · ∇1)C) dt1dx1d𝑦1dz1 = Ci − C∞. (17)

Expressing the interfacial temperature from the boundary integral equation (16) and substituting it into the
Gibbs–Thomson relation (7), we get

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

dt1dx1d𝑦1

(
GT(p𝜁 |p𝜁

1)
(

2 + 𝜕𝜁

𝜕t

))

− 2 U∞

V

t

∫
−∞

∫
Λ1

(GT(v · ∇1)T) dt1dx1d𝑦1dz1 = Δ − dcKV
2DT

+ Ci +
Qm2

m2
1cp

C2
i − 𝛽

(
2 + 𝜕𝜁

𝜕t

)n

.

(18)
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TITOVA ET AL. 5

The interfacial concentration Ci is given by (17). Thus, expression (18) represents an integro-differential equation for the
interface function 𝜁 (x, t) satisfying the convective problem (5)–(10) and describing the dynamics of the interface function
for the heat and chemical problem with convection.

2.2 Stationary growth
During stationary growth, the dendrite retains its shape, which means that its surface is isothermal and has the same
chemical composition. Then we can take the constant Ci out of the integral in (17) and CBIE (18) and (17) transform to

2

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

GT(p𝜁 |p𝜁

1)dt1dx1d𝑦1 − 2 U∞

V

t

∫
−∞

∫
Λ1

(GT(v · ∇1)T) dt1dx1d𝑦1dz1 = Δ − dcKV
2DT

+ Ci +
Qm2

m2
1cp

C2
i − 2n𝛽, (19)

Ci =

2 U∞
V

t∫
−∞

∫
Λ1

(GC(v · ∇1)C) dt1dx1d𝑦1dz1 − C∞

2(1 − k0)Ci

t∫
−∞

∞∫
−∞

∞∫
−∞

GC(p𝜁 |p𝜁

1)dt1dx1d𝑦1 − 1
. (20)

In the stationary case, only the Green's functions depend on time. We now consider how to integrate the thermal Green's
function over time. In the stationary case, z and z1 are independent of time that leads to

t

∫
−∞

GT(p𝜁 |p𝜁

1)dt1 = exp (z1 − z)
( 1

4𝜋

)3∕2√
2

∞

∫
0

exp
(
−1

2

[|x − x1|2 + [z − z1]2

𝜏
+ 𝜏

])
d𝜏
𝜏3∕2 , (21)

where 𝜏 = 2(t − t1). The integral in (21) can be reduced to a modified Bessel function K1∕2 [38]

t

∫
−∞

GT(p𝜁 |p𝜁

1)dt1 = exp (z1 − z)
( 1

2𝜋

)3∕2 K1∕2

(√|x − x1|2 + [z − z1]2
)

(|x − x1|2 + [z − z1]2
)1∕4 . (22)

Similarly, we can integrate over time the concentration Green's function. The result reads as

t

∫
−∞

GC(p𝜁 |p𝜁

1)dt1 = exp
(

z1 − z
DC∕DT

)(
DT

2𝜋DC

)3∕2 K1∕2

(
DT
DC

√|x − x1|2 + [z − z1]2
)

(|x − x1|2 + [z − z1]2
)1∕4 . (23)

Substituting time integrals (22) and (23) into the CBIE (19) and (20), we have

1√
2𝜋3∕2

∞

∫
−∞

∞

∫
−∞

exp (𝜁1 − 𝜁 )
K1∕2

(√|x − x1|2 + [𝜁 − 𝜁1]2
)

(|x − x1|2 + [𝜁 − 𝜁1]2
)1∕4 dx1d𝑦1 − Δ + dcKV

2DT
− Ci −

Qm2

m2
1cp

C2
i + 2n𝛽

= U∞

V
1√

2𝜋3∕2

∞

∫
−∞

∞

∫
−∞

∞

∫
𝜁

⎛⎜⎜⎜⎝exp (z1 − 𝜁 )
K1∕2

(√|x − x1|2 + [𝜁 − z1]2
)

(|x − x1|2 + [𝜁 − z1]2
)1∕4 (v · ∇1)T

⎞⎟⎟⎟⎠ dx1d𝑦1dz1,

(24)

Ci =

U∞
V

(
DT
𝜋DC

)3∕2 ∞∫
−∞

∞∫
−∞

∞∫
𝜁

(
exp

(
z1−𝜁

DC∕DT

) K1∕2

(
DT
DC

√|x−x1|2+[𝜁−z1]2
)

(|x−x1|2+[𝜁−z1]2)1∕4 (v · ∇1)C

)
dx1d𝑦1dz1 −

√
2C∞

(1 − k0)Ci

(
DT
𝜋DC

)3∕2 ∞∫
−∞

∞∫
−∞

exp
(

𝜁1−𝜁
DC∕DT

) K1∕2

(
DT
DC

√|x−x1|2+[𝜁−𝜁1]2
)

(|x−x1|2+[𝜁−𝜁1]2)1∕4 dx1d𝑦1 −
√

2
. (25)
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6 TITOVA ET AL.

2.3 The paraboloid of revolution reference frame
In Equations (17) and (18), the integrals of Green's function over crystal surface were calculated in previous work [28] for
the case of thermo-chemical dendrite growth without convection, the result is

2

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

G(p𝜁 |p𝜁

1)dt1 = p exp(p)

∞

∫
p

exp(−x)
x

dx, (26)

where p = pT = 𝜌V∕(2DT) and p = pC = 𝜌V∕(2DC) for the thermal and chemical Green's functions, respectively; and 𝜌

is the crystal tip diameter. To calculate the convective terms, we replace the variable z from Equations (17) and (18) with
the variable w defining the isotherms

z =
pTw

2
− x2 + 𝑦2

2pTw
. (27)

Note that w = 1 corresponds to a dendritic surface and 𝜁 = z(w = 1). Replacing the variables in (18), we come to

pT exp(pT)

∞

∫
pT

exp(−x)
x

dx − Δ + dcKV
2DT

− Ci −
Qm2

m2
1cp

C2
i + 2n𝛽

= U∞

pTV

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

∞

∫
1

(
GT(v · ∇1T)

p2
Tw2

1 − x2
1 − 𝑦2

1

w2
1

)
dt1dx1d𝑦1dw1.

(28)

The concentration convective integral contribution has the same form. The next step of our analysis is to obtain the
temperature gradient

(v · ∇1T) = 2w1vw√
p2

Tw2
1 + x2

1 + 𝑦2
1

dT
dw1

. (29)

To obtain dT∕dw1, let us rewrite the heat conduction equation in parabolic coordinates. Since the temperature depends
only on one variable w, we obtain

dT
dw

= −
pT√

w
exp

⎛⎜⎜⎝pT

w

∫
1

(v2(w2)) dw2 + pT(1 − w)
⎞⎟⎟⎠ . (30)

The hydrodynamic field was found in Dash and Gill [39] and reads as

v2(w) = U∞

V

√
p2

Tw2 + x2 + 𝑦2

pTw
vw = 2U∞

wVRe
exp (−Re∕2) − exp (−Rew∕2)

E1(Re∕2)
− U∞

V
+ U∞

V
E1(Rew∕2)
E1(Re∕2)

, (31)

where Re = 𝜌U∕𝜈 is the Reynolds number, 𝜈 is the kinematic viscosity and

E1(w) =

∞

∫
w

exp(−Rew∕2)
w

dw. (32)
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TITOVA ET AL. 7

By substituting the temperature gradient in Equation (33), we arrive at

pT exp(pT)

∞

∫
pT

exp(−x)
x

dx − Δ + dcKV
2DT

− Ci −
Qm2

m2
1cp

C2
i + 2n𝛽

= 2pT

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

∞

∫
1

⎛⎜⎜⎝GTv2(w1) exp
⎛⎜⎜⎝pT

w1

∫
1

(v2(w2)) dw2 + pT(1 − w1)
⎞⎟⎟⎠
⎞⎟⎟⎠ dt1dx1d𝑦1

dw1

w1
.

(33)

Here, we can see that only the Green's function depends on x1, 𝑦1 and t1. By integrating the Green's function over these
variables, we obtain [28]

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

GT(p𝜁 |p1)dt1dx1d𝑦1 =
pTw1

2
exp

(pTw1

4

) ∞

∫
pT (1+w1)∕4

exp
(
−x3

2
−
√

4x2
3 − p2

Tw1

)
dx3√

4x2
3 − p2

Tw1

, (34)

(1 − k0)Ci

t

∫
−∞

∞

∫
−∞

∞

∫
−∞

GC(p𝜁 |p1)dt1dx1d𝑦1 =
pCw1

2
exp

(pCw1

4

) ∞

∫
pC(1+w1)∕4

exp
(
−x3

2
−
√

4x2
3 − p2

Cw1

)
dx3√

4x2
3 − p2

Cw1

.

(35)

The final CBIE for the paraboloid of revolution is

pT exp(pT)

∞

∫
pT

exp(−x)
x

dx − Δ + dcKV
2DT

− Ci −
Qm2

m2
1cp

C2
i + 2n𝛽 = p2

T exp(pT)

×

∞

∫
1

⎛⎜⎜⎜⎝exp
⎛⎜⎜⎝pT

w1

∫
1

v2(w2)dw2 −
3pTw1

4

⎞⎟⎟⎠ v2(w1)

∞

∫
pT (1+w1)∕4

exp
(
−x3

2
−
√

4x2
3 − p2

Tw1

)
dx3√

4x2
3 − p2

Tw1

⎞⎟⎟⎟⎠ dw1,

(36)

Ci =
C∞

1 − pC exp(pC)
∞∫
pC

exp(−x)
x

dx
+

p2
C exp(pC)

1 − pC exp(pC)
∞∫
pC

exp(−x)
x

dx

×

∞

∫
1

⎛⎜⎜⎜⎝exp
⎛⎜⎜⎝pC

w1

∫
1

v2(w2)dw2 −
3pCw1

4

⎞⎟⎟⎠ v2(w1)

∞

∫
pC(1+w1)∕4

exp
(
−x3

2
−
√

4x2
3 − p2

Cw1

)
dx3√

4x2
3 − p2

Cw1

⎞⎟⎟⎟⎠ dw1.

(37)

3 SELECTION OF STABLE GROWTH MODE FOR A DENDRITIC CRYSTAL
AND CALCULATION EXAMPLES

A stable growth mode occurs when the selection parameter 𝜎∗ = 2d0DT∕(𝜌2V) for the three-dimensional crystal growth
in temperature and concentration fields reads as [40]

𝜎∗ =
𝜎0𝛼

7∕4
d

1 + b
(
𝛼𝛼

−3∕4
d

)11∕14

⎡⎢⎢⎣ 1(
1 + a1

√
𝛼dpT

)2 − 1(
1 + a2

√
𝛼dpTDT∕DC

)2
2m1Ci(1 − k0)DT

(Q∕cp)DC

⎤⎥⎥⎦ ,
𝛼 =

(
ad0U∞

4𝜌V
+ ad0U∞DT

2𝜌VDC

)(
1 − 2m1Ci(1 − k0)DT

DCQ∕cp

)
, a(Re) =

exp (−Re∕2)
E1 (Re∕2)

,

(38)
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8 TITOVA ET AL.

FIGURE 2 Dendrite tip velocity V and radius 𝜌∕2 as functions of the melt undercooling Δ for pure Ni99Zr1 alloy without flow (U∞ = 0).
The colored lines represent the effect of different powers of the atomic kinetics exponent n. Parameters used in calculation: solidification
temperature T′

0 = 1728 K, hypercooling Q∕cp = 395 K, temperature diffusivity DT = 1.2 · 10−5 m2 s−1, liquidus slope m1 = −8.0 K (at.%)−1 and
m2 = −4.0 K (at.%)−2, diffusion coefficient in liquid DC = 2.1 · 10−9 m2 s−1, impurity concentration C′

∞ = 1 at.%, capillary length
dc ≈ d0 = 2.02 · 10−10 m, kinetic coefficient 𝛽k = 0.01 K (s/m)n, surface energy anisotropy 𝜀c = 0.017, selection constant 𝜎0 = 0.05. [Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 3 Dendrite tip velocity V and radius 𝜌∕2 as functions of the melt undercooling Δ for pure Ni99Zr1 alloy without flow (U∞ = 0).
The colored lines represent the effect of quadratic liquidus m2. Physical parameters used for calculations correspond to Figure 3, power of the
atomic kinetics exponent n = 1 and the coefficient m2 shown in the figure inserts is measured in K (at.%)−2. [Colour figure can be viewed at
wileyonlinelibrary.com]

where 𝜎0 is the selection parameter, b is the second selection constant defining the role of incoming fluid current,
a1 = (8𝜎0∕7)1∕2(3∕56)3∕8, a2 =

√
2a1, 𝛼d = 15𝜀c, and 𝜀c is the anisotropy of surface energy. Expression (38) defines

a sustained growth pattern moving with a constant rate in an undercooled two-component melt in the presence of a
fluid current. Generally speaking, the first contribution in square brackets determines the influence of thermal field,
the second contribution stems from dissolved impurity, the contribution with constant b characterizes a fluid current,
the contributions with the Péclet numbers pT are responsible for fast solidification scenario. Note that expression (38) is
valid for small and intermediate Péclet numbers in local-equilibrium crystallization processes. In the opposite case of fast
solidification (great growth rates and Péclet numbers), another selection relation takes place [33, 41].

How the exponent n of attachment kinetics of particles to the phase interface influences the main dependencies V(Δ)
and 𝜌(Δ)∕2 is shown in Figure 2. A change in the degree index n leads to a change in the mechanism of attaching atoms
to the crystal. An increase in n leads to an enhancement of the influence of kinetics, which is characteristic of high-rate
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TITOVA ET AL. 9

solidification at large undercoolings. Our calculations demonstrate that the tip velocity V can vary by up to 50% (red and
green lines for Δ = 75 K, left panel). Hence, a great influence of the attachment kinetics of particles on solidification
rate takes place. In addition, the tip radius can vary by up to 20% (red and green lines for Δ = 50 K, right panel). How
the nonlinear liquidus contribution (proportional to m2) influences the main dependencies V(Δ) and 𝜌(Δ)∕2 is shown
in Figure 2. As one might think, the growth rate V increases and the tip radius 𝜌∕2 decreases when liquid undercooling
increases. In addition, V and 𝜌 respectively become smaller and larger when the departure from a linear dependence
(coefficient |m2|) of liquidus increases with concentration. Namely, taking the liquid undercooling Δ = 25 K (left panel in
Figure 3), we estimate that the tip velocity can vary by up to 10%. Such changes in V and 𝜌 lead to changes in the material
microstructure (e.g., the primary interdendritic spacing [42–45]).

In summary, the BIE discussed in this study characterizes a wider class of solidified two-component melts in the pres-
ence of a mobile solid-liquid front than earlier derived boundary integral equations. This is due to the fact that the
present analysis takes nonlinear form of the phase diagram into account (nonlinear concentration and atomic attachment
contributions).

4 CONCLUSION

In this paper, the boundary integral method for thermo-solutal solidification problem with an arbitrary curvilinear
crystallization front is developed with allowance for the nonlinear dependence of the phase transition temperature on
solute concentration and the kinetics of atomic attachment at the interface. This equation taking a forced melt flow into
account is deduced by means of the Green's function technique previously developed for thermal and concentration
moving-boundary problems. The new BIE represents the integro-differential equation for the interface function defin-
ing a surface that divides pure solid and liquid materials during crystallization processes. Therefore, the BIE derived
describes the evolutionary behavior of growing solid phase patterns (dendrites) in two-component undercooled melts. In
addition, our theory describes various shapes met in crystal growth applications as well as the evolution of morphological
perturbations that lead to the evolution of secondary crystal branches and complex materials structures [46].

An important research direction related to the development of the BIE theory is the simultaneous consideration of
directional interface motion deep into the melt and volumetric crystal growth in front of this boundary. Such an analysis,
which takes into account the partial removal of undercooling by crystal growth, should be based on a combination of this
theory and the theory of volumetric crystallization [47–55]. Another important area of research is the derivation of BIEs
for directional solidification with a mushy region when two moving boundaries exist: “solid phase - mushy region” and
“mushy region - liquid phase.” Such a problem should be solved by combining the present approach with a two-phase
region theory [56–63].
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